Introduction
Let ∆ be a convex d-polytope. Denote by f k the number of k-faces of the polytope ∆. It is useful to consider another collection of numbers {h k } that is obtained from {f k } by the linear transformation
The collection of numbers f k is called the f -vector, and the collection of numbers h k is called the h-vector. A d-polytope ∆ is called simple if exactly d facets meet at each vertex. The following relations on the h-vector (and hence on the f -vector) hold for a simple convex polytope
Proofs of these relations may be found in [1, 2, 3] . If the polytope ∆ is not simple, then the relations above are not true. A polytope ∆ is said to be integral provided all its vertices belong to the integer lattice. With each integral convex polytope ∆ one associates the toric variety X = X(∆) (see [4, 5, 6, 7] ). This is a projective complex algebraic variety, singular in general. It turns out that the intersection cohomology Betti numbers (see [8, 9, 10] ) of the toric vairety X are combinatorial invariants of the polytope ∆ (they are calculated in [11, 12] ). For example, for simple polytope ∆ we have dim IH 2k (X, C) = h k . The relations above on the h-vector of a simple convex polytope can be deduced from the Poincaré duality and the Hard Lefschetz theorem in the cohomology of X. Each simple polytope is combinatorially equivalent to an integral one. Therefore the study of the h-vector of a simple polytope reduces formally to the study of the intersection cohomology of toric varieties.
The intersection cohomology Betti numbers Ih k = dim IH 2k (X, C) of a toric variety X associated to a nonsimple integral polytope ∆ satisfy the same relations as the numbers h k of a simple polytope. This follows from the Poincaré duality and the Hard Lefschetz in the intersection cohomology. The problem is that the combinatorics of general nonsimple polytopes can not be reduced to the combinatorics of integral polytopes. There are convex polytopes that are not combinatorially equivalent to integral ones, so there are no corresponding toric varieties.
However, in [13, 14] , "the intersection cohomology of nonexistent toric variety associated to a convex polytope ∆" is described in terms of geometry and combinatorics of ∆. We call this cohomology the cohomology of the polytope ∆. This yields the definition of the numbers Ih k (∆) for any convex polytope ∆ (for the combinatorial definition of Ih k see also [15] ). For simple polytopes, Ih k = h k . The Poincaré duality in the cohomology of an arbitrary convex polytope is proved in [13, 14] . In this paper, the Hard Lefschetz will be proved for convex polytopes simple in edges (this is a particular case of Stanley's conjecture [15] ). A polytope is called simple in edges if exactly d − 1 facets are incident to each edge. Convex polytopes simple in edges occur, for example, in the theory of groups generated by reflections in Lobachevskii spaces of higher dimensions ( [19] ).
I am very grateful to V. A. Lunts for the significant help (he has told me the statement of theorem 4.2) and to A. G. Khovanskii for useful discussions.
Cohomology of simple polytopes
Let ∆ be a convex polytope in R d . Assume that the interior of the polytope ∆ is nonempty. By facets of ∆ we mean the faces of codimension 1. The one-dimensional faces we call edges.
The f -vector Denote by f i the number of i-dimensional faces of the polytope ∆ (in particular, f 0 is the number of vertices, f 1 is the number of edges, f d−1 is the number of facets, f d = 1). The collection of numbers f i is called the f -vector. It is convenient to represent the f -vector by its generating function F (t) = f i t i . The polynomial F (t) is called the F -polynomial of the polytope ∆.
For every convex polytope the following Euler theorem holds:
There are no other linear relations on the f -vector of an arbitrary convex polytope. However there are some inequality-type relations.
Simple polytopes A polytope ∆ is called simple if in a neighbourhood of each vertex it looks like a simplicial cone (i.e., exactly d facets and exaclty d edges meet at each vertex). It is clear that a polytope with facets in general position is simple. In particular, if we perturb slightly all the facets of a simple polytope, then the polytope remains simple.
Fans A fan in a real vector space V is a collection Φ of convex polyhedral cones with vertex at the origin such that
• for every cone σ ∈ Φ all the faces of σ belong to Φ,
• the intersection of two cones in Φ is their common face.
The elements of the fan Φ are called faces. One-dimensional faces we will call rays (or edges) of the fan Φ. A fan is called simplicial if all its faces are simplicial cones. A fan is called complete if the union of all its faces is the whole space V . Let σ ∈ Φ. The star of the cone σ is the set of all cones η ∈ Φ such that σ ⊆ η.
Fans and polytopes
To each convex polytope ∆ in the space R d assign the dual fan Φ in the space R d * . For every face F of the polytope ∆ there is the corresponding convex polyhedral cone in R d * -the normal cone of the face F . The normal cone consists of all linear functionals l on R d such that l| ∆ reachs its maximal value on the face F . The fan Φ is the set of normal cones of all faces of ∆. The dual fan to a convex polytope is always complete. The dual fan to a simple polytope is simplicial.
Polytopes and toric varieties Let Φ be a rational fan (i.e., each cone of the fan Φ is generated by vectors with rational coordinates). In this case there is the toric variety X = X(Φ) that corresponds to Φ. This is a complex algebraic variety with an algebraic action of the complex torus
If the fan Φ is complete, then the variety X is compact; if the fan Φ is simplicial, then the variety X is quasi-smooth; if the fan Φ is dual to a convex polytope, then the variety X is projective.
We will call a convex polytope rational provided its dual fan is rational. Let ∆ be a rational polytope and X the corresponding projective toric variety. Dimensions Ih k (∆) = dim IH 2k (X, R) of the intersection cohomology of X are combinatorial invariants of the polytope ∆. In the sequel, whenever we talk about cohomology, we will mean the intersection cohomology.
It is well-known (see [16] ) that there are polytopes that are not combinatorially equivalent to intergal ones. For a nonrational polytope ∆ there is no toric variety X. But it is possible to define the cohomology of nonexistent variety X (see [13, 14] ) (for the convenience, we will call this cohomology simply the cohomology of the polytope ∆). The dimensions Ih k (∆) of this cohomology provide the same combinatorial information as in the rational case.
Cohomology of simple polytopes For simple polytopes ∆ the numbers Ih k (∆) are denoted simply by h k (∆). They constitute so called the h-vector of the polytope ∆. In fact, the h-vector is equivalent to the f -vector. The components of the h-vector and the f -vector can be expressed liearly via each other:
If we introduce the generating polynomial H(t) = h k t k , which is called the H-polynomial, then we will be able to rewrite these expressions in the simplest way:
In the rational case from the Poincaré duality we obtain h k = h d−k , h 0 = h 1 = 1. These relations hold in general case (for nonrational simple polytopes) and are known as the Dehn-Sommerville equations. The Hard Lefschetz theorem gives in the rational case the inequalities
These inequalities are called the unimodality relations. They hold even for nonrational simple polytopes (see [1, 2, 3] ).
Description of the cohomology We recall a geometric description of the cohomology of a simple polytope ∆. Let Φ be the dual fan. This is a complete simplicial fan in R d * . Denote by A k the space of (continuous) piecewise polynomial functions on the fan Φ that are homogeneous of degree k. The graded algebra A = A k models the equivariant cohomology algebra of the toric variety X(Φ) (if the latter exists). In the ring A there is the ideal A + generated by all linear functions. The quotient algebraĀ = A/A + models the ordinary cohomology algebra of the variety X(Φ). The algebraĀ inherits the grading from A.
Characteristic functions Let Φ be a simplicial fan and σ ∈ Φ -an arbitrary cone. We will show that there exists a unique (up to proportionality) continuous piecewise polynomial function that is homogeneous of degree dim σ and is nonzero only on the star of the cone σ. Denote this function by χ σ and call it the characteristic function of the cone σ.
A characteristic function of a ray ρ can be constructed as follows. Consider an arbitrary nonzero linear function l on the ray ρ. Then it is clear that there is a unique piecewise polynomial χ ρ on Φ such that χ ρ = l on ρ and χ ρ = 0 on all other rays. It is obvious that χ ρ is zero everywhere except for the star of the ray ρ. Now let σ be a k-dimensional cone generated by the rays ρ 1 , . . . , ρ k . Then we set χ σ = χ ρ1 · · · χ ρ k . One can easily verify that χ σ satisfies the definition of a characteristic function.
Let us prove the uniqueness. If σ is a simplicial cone in R d * , then there is a unique (up to proportionality) polynomial p on σ of degree dim σ such that p = 0 on the boundary of σ. Indeed, there is a coordinate system (x 1 , . . . , Proof. Let ϕ ∈ A k (k > 0) be an arbitrary element. Consider any ray ρ. One can find a function ψχ ρ (where ψ is a polynomial) that equals to ϕ under restriction to ρ. After subtraction of all such functions from ϕ we obtain a piecewise polynomial function on the fan Φ that is zero on all the rays. Therefore we can suppose that from the very beginning ϕ = 0 on all the rays. Now consider a two-dimensional cone σ. It is easy to see that the function ϕ restricted to the plane of the cone σ has the form ψχ σ (where ψ is a polynomial). After subtraction of all such functions from ϕ we obtain a piecewise polynomial function that is zero on all the two-dimensional cones.
We can continue the same argument to obtain that ϕ reduces to a linear combination of characteristic functions with polynomial coefficients, Q.E.D.
Let us introduce a decreasing filtration F • A in the algebra A: the subspace F k A consists of piecewise polynomial functions that are zero on all the cones of dimension < k. Note that the characteristic function χ σ of a k-dimensional cone σ is nonzero on σ and is zero on all other cones of dimension k. It follows that the characteristic functions of k-dimensional cones constitute a basis in the vector space F k A k . The filtration F induces a filtration on the quotient algebrā A. Proposition 1.1 implies the following significant corollaries:
The top cohomology The top cohomology group of the quasi-smooth toric variety is one-dimensional. We will prove an analog of this statement for an arbitrary complete simplicial fan Φ:
Proof. It suffices to prove that characteristic functions of any two ddimensional cones are linearly dependent inĀ d . We can restrict ourselves to consideration of d-cones σ 1 and σ 2 whose intersection is a common facet τ . Consider the characteristic function χ τ of the face τ and a linear function l τ that is zero on the face τ . It is easy to see that the function l τ χ τ ∈ A + is a linear combination of the characteristic functions of the cones σ 1 and σ 2 . Indeed, in the proof of proposition 1.4 we have l τ χ τ = χ σ1 − χ σ2 after a proper choice of nonnegative characteristic functions.
Corollary 1.6 No characteristic function is zero inĀ.
The Lefschetz operator We will define an analog of the Lefschetz operator.
A convex polytope defines a convex piecewise linear function L on the fan Φ -so called support function. The value of the function L on a covector ξ equals by definition to the maximum of the restriction of the fuctional ξ to the polytope ∆.
We can suppose that the function L is nonnegative everywhere (this corresponds to the case when the origin belongs to the polytope ∆). This implies that L d = 0 inĀ because L d splits into a sum of characteristic functions of d-cones with nonnegative coefficients (see proposition 1.5).
In the rational case the operator of multiplication by L coincides with the Lefschetz operator in the cohomology group of the toric variety constructed by the polytope ∆. In the general case we reserve the name Lefschetz operator for L.
Another description of the cohomology ring The cohomology ringĀ of a convex simple polytope ∆ can be otherwise described as follows ( [17, 3] ). Fix the generating vectors ξ 1 , . . . , ξ n of the rays ρ 1 , . . . , ρ n of the dual fan Φ. The values of the support function L of ∆ on these generating vectors are called the support numbers of ∆ and are denoted by
If we move slightly each facet of the polytope ∆ so that it remains parallel to itself, then we obtain a new polytope ∆ ′ analogous to ∆ (polytopes are called analogous if their dual fans coincide). The polytope ∆ ′ is determined by its support numbers
One can prove (see [18, 3] ) that the volume of the polytope ∆ ′ is a polynomial in the support numbers H 
. Let J denote the ideal in the algebra Diff consisting of operators α such that α Vol = 0. In [3] , the following explicit description of the ideal J is proved: 
= ∅ means that the corresponding rays ρ i1 , . . . , ρ i k do not generate a cone in Φ. For such a collection of rays we have
The equality χ ρi (ξ i ) = 1 is just a normalization condition for the characteristic functions χ ρi . Consider the homomorphism Diff → A, ∂ i → χ ρi . We see that this homomorphism reduces to a homomorphism Diff/J →Ā. It is not difficult to see that the latter is an isomorphism. Now we have just another description of the cohomology ring of a simple polytope ∆. Elements of the cohomology ring can be viewed as differential operators modulo the ideal J. The Lefschetz operator is expressed by the formula L = H i ∂ i . This is simply the differentiation with respect to the vector of support numbers of the polytope ∆.
Let D be a differential operator of degree d. Then D(Vol) is a number. Denote this number by [D] . The following proposition is clear:
defines a nondegenerate bilinear form.
The Hodge-Riemann form
The Hard Lefschetz theorem The following analog of the Hard Lefschetz theorem holds in the cohomology of a simple polytope ( [2, 3] ):
In particular, the h-vector of a simple polytope satisfies the unimodality condition:
The Hodge-Riemann form We will define an analog of the Hodge-Riemann form in the cohomology of a simple polytope ∆. Consider an element α ∈Ā
The form Q k is called the Hodge-Riemann form in the spaceĀ k .
Proposition 2.2 The Hodge-Riemann form is nondegenerate.
This follows directly from the Hard Lefschetz theorem and the nondegeneracy of the multiplicationĀ 
The orthogonality is with respect to the Hodge-Riemann form.
Proof. Consider the operator
. This operator is an isomorphism on the subspace LĀ k−1 and is zero on the subspaceP k . This implies the decomposition into the direct sum. Now let α ∈P k , β ∈Ā k−1 . The inner product of the elements α and Lβ in the sense of the Hodge-Riemann form equals to
Thus the orthogonality is proved. From proposition 2.3 we obtain two formal corollaries:
Corollary 2.4 Dimensions of primitive subspaces equal to
dimP k = g k = h k − h k−1 .
Corollary 2.5 The Hodge-Riemann form is nondegenerate on the primitive
The Hodge-Riemann relations The following theorem ( [2, 3] ) is an analog of the Hodge-Riemann relations:
Theorem 2.6 The Hodge-Riemann form is positive on the primitive subspacē
This statement helps to prove the Hard Lefschetz theorem (2.1) for simple polytopes by means of combinatorial convexity: one proves theorems 2.1 and 2.6 simultaneously by induction on dimension. This method is invented by A. Aleksandrov who had used it for the proof of the well-known Aleskandrov inequalities on mixed volumes and on mixed discriminants. The Hodge-Riemann relations for k = 1 coincide with the Brunn-Minkowski inequalities on mixed volumes.
We will use the same method to prove the Hard Lefschetz theorem for convex polytopes simple in edges.
Cohomology of nonsimple polytopes
On the topological space Φ there is a sheaf A of rings such that the sections over a subfan Υ ⊆ Φ are piecewise polynomial functions on Υ. Thus we have Γ(Φ, A) = A(Φ).
Description of the cohomology In this section we follow [13, 14] . Let us define a flabby sheaf M of graded A-modules such that the group H
• (Φ, M) = Γ(Φ, M) is an analog of the equivariant cohomology group. The sheaf M is determined uniquely (up to isomorphism) by the following conditions:
• The sheaf M is pointwise free, i.e., M[σ] is a free A[σ]-module for any σ ∈ Φ.
• The sheaf M is flabby. For that it is enough to require that for any cone σ ∈ Φ the restriction map M[σ] → M(∂σ) be surjective.
• The Lefschetz operator The support function L of the polytope ∆ lies in A. Therefore, the operator of multiplication by L is defined in M . This operator is said to be the Lefschetz operator. The following analog of the Hard Lefschetz theorem holds for an integral polytope ( [13, 14] ) and is believed to be true for an arbitrary polytope.
In particular, the numbers Ih k (∆) satisfy the unimodality condition.
In this paper, we prove this conjecture for polytopes simple in edges. The same arguments help to compute dimensions of the homogeneous componentsM k (k d/2). From the Lefschetz decomposition for the polytope Λ we obtain dim(
We see that dimension of the vector spaceM k is a combinatorial invariant of the polytope Λ. Denote this dimension by Ig k (Λ). We have proved that
Links and the computaion of Ih k (∆) Let F be a face of the convex polytope ∆. Denote by N (F ) the orthogonal complement to the plane of the face F passing through an interior point of F . In a neighbourhood of the face 
In [13] , it is proved that the Hard Lefschetz theorem in dimension d − 1 implies the following formula for the cohomology of a d-polytope ∆:
The proof of this formula splits naturally into two parts. The first part is the computation of the cohomology for the fan [σ]. This computation is already done, it relies on the Hard Lefschetz theorem. The second part reduces the global cohomology to the local cohomology, i.e., to the cohomology of the fans [σ]. This part does not depend on the Hard Lefschetz theorem. Thus, if we prove the Hard Lefschetz theorem for polytopes simple in edges, then we will prove at the same time the formula computing the cohomology of such polytopes.
Cohomology of polytopes simple in edges
Polytopes simple in edges A polytope ∆ is called simple in edges if the link of each vertex is a simple polytope. If a polytope ∆ is simple in edges, then every its edge is the intersection of exactly d − 1 facets. A polytope ∆ is simple in edges if and only if in the dual fan all the cones of dimension < d are simplicial (let us call such a fan almost simplicial). Our main purpose is to prove the Hard Lefschetz theorem in the cohomology space of a polytope ∆ simple in edges.
Consider an arbitrary simplicial subdivision Ψ of the fan Φ that divides the d-dimensional cones only. Such subdivisions are called admissible. If the fan Φ is rational, then it defines a toric variety X(Φ) with isolated singularities. In this case one can choose a rational fan Ψ. The toric variety X(Ψ) is quasi-smooth. It "resolves singularities" of the variety X(Φ).
Realization of the basic sheaf We will use the following theorem that is proved in [13] : Fix any such embedding. In the sequel we will refer to M as a subsheaf in j * A Ψ . Let A Ψ denote the space of global sections of the sheaf A Ψ (respectively, A Φ is the space of global sections of the sheaf A Φ ). As before, let M = Γ(Φ, M),
The spaceM is endowed with a natural structure of A Φ -module. 
Complement ofM

Theorem 4.2 For k d/2 there is the following decomposition
Proof. It is enough to prove that onM k the operatorR is an isomorphism. Moreover, it is sufficient to prove only injectiveness (surjectiveness is clear).
Let m ∈ M k . We will prove that if the image R(m) lies in the ideal A 
Here L is the Lefschetz operator constructed by the polytope ∆. The primitive subspaceP
Ψ is the kernel of the operator of multiplication by L d−2k+1 . Our main purpose is to prove the following theorems:
We will see that this statement is actually equivalent to the Hard Lefschetz theorem. 
Since ψ ∈ A + Ψ , we have Lϕ ∈ A + Ψ . From this lemma it follows in particular thatĪ k ⊆P k . We have only to prove the opposite inclusion: the kernel of the form Q k is in the spaceĪ k . But by lemma 4.2 the spaceĪ k is a complement toM k . This means that the operator L d−2k is injective on the spaceM k . By the Poincaré duality ( [13, 14] ) this is equivalent to the Hard Lefshetz theorem. Thus, theorem 5.1 is equivalent to the Hard Lefschetz theorem for polytopes simple in edges. In particular, the statement of theorem 5.1 does not depend on the choice of admissible subdivision Ψ.
Reduction of dimension
Star fans For each facet Γ of the polytope ∆ there is the corresponding ray ρ in the fan Φ. The face Γ is a (d − 1)-dimensional convex polytope. We will describe now the dual fan of the face Γ in terms of the fan Φ. The fan Φ lies in the vector space V = R d * . Let V ρ denote the quotient space of V by the subspace spanned by ρ. Let π : V → V ρ be the canonical projection. The images of the cones σ ⊇ ρ clearly constitute a fan in V ρ . We denote this fan by Φ ρ and call it the star fan of the ray ρ ∈ Φ.
It is easy to verify that the fan Φ ρ is almost simplicial and Ψ ρ is its admissible triangulation. The fan Φ ρ is the dual fan of the face Γ.
Projections Elements fromĀ Ψ can be projected to star fans. Let us define the projectionĀ
The element αχ ρ is of degree k + 1. Therefore there is a representative ϕ ∈ A k+1 of this element that is zero on all the cones of dimension k. Since the element ϕ equals to zero everywhere except the star of the ray ρ, it has the form ψχ ρ . The function ψ is of degree k, but is still zero on all the k-dimensional cones of the fan Φ containing the ray ρ.
Lemma 6.1 The function ψ is constant along any line parallel to ρ.
Proof. Consider an arbitraty cone σ ∈ Star(ρ) of dimension m. If m k, then, as stated above, the function ψ is zero on the cone σ and so is constant along any line parallel to ρ.
Let m = k + 1. Denote by τ 1 , . . . , τ m the facets of the cone σ containing ρ. Then on each facet τ i the function ψ is zero. Hence, the function ψ restricted to the cone σ is divisible by the product of linear functions l 1 . . . l m such that l i is zero on τ i . So ψ = const · l 1 . . . l m in σ. But such a function is constant along any line parallel to ρ. Now let m > k. Denote by π 1 , . . . , π m the projections of the linear span of the cone σ to the linear spans of its facets. It is not hard to prove that ψ is a linear combination of the functions ψ • π 1 , . . . , ψ • π m . The coefficients of this linear combination depend on the geometry of the cone σ. By the induction hypothesis, the functions ψ • π i are constant along any line parallel to ρ. Therefore the function ψ restricted to the cone σ has the same property.
According to lemma 6.1, the function ϕ reduces to a function from A k Ψρ . Denote the image of this function inĀ k Ψρ by α ρ . We say that the element α ρ is the projection of the element α ∈Ā k Ψ to the fan Φ ρ . Clearly, the projection is a homomorphism of algebras, i.e., (αβ) ρ = α ρ β ρ .
Another definition of the projection In terms of differential operators the definition of α ρ looks as follows. Recall that the ray ρ corresponds to the facet Γ of the polytope ∆. Denote by Γ ′ the corresponding facet of the simple polytope Σ. Let H ′ be the support number of Γ ′ and ∂ = ∂ ∂H ′ -the corresponding differentiation. The element α can be considered as a constant differential operator with respect to support numbers of Σ. Denote by Vol the polynomial of volume associated to Σ and by Vol ρ -the polynomial of volume associated to Γ ′ . Then it is clear that the polynomial Vol ρ can be obtained from ∂ Vol just by a change of variables. If we rewrite the polynomial α∂ Vol in terms of support numbers of Γ ′ , then we obtain a polynomial α ρ Vol ρ where α ρ is the projection of α.
The projecion of the operator L Let Γ be a facet of the polytope ∆. There is the corresponding dual fan Φ ρ . The polytope ∆ defines a convex piecewise linear function on the dual fan. One can verify that this function is the projection L ρ of the function L to the star fan Φ ρ . The corresponding statement in the language of differential operators is obvious.
Suppose all the rays of the fan Ψ belong to Φ. Obviously such a subdivision Ψ always exists. In the sequel we will use the following lemma: Proof. Let Γ 1 , . . . , Γ n denote all the facets of the polytope ∆ and ρ 1 , . . . , ρ n the corresponding rays of the fan Φ. It is easy to show that
where H i are the support numbers of the faces Γ i . In the language of differential operators this formula follows from the expression L = H i ∂ i . We can assume that the origin lies in the interior of the polytope ∆. Then all the support numbers are positive. Thus the lemma follows.
Plan of the proof of theorem 5.1 We will carry on the induction on dimension d of the polytope ∆. In the case d = 1 theorems 5.1 and 5.2 are obvious. Let d 2. We will prove both theorems 5.1 and 5.2 simultaneously by induction. So we assume that in dimension d − 1 both theorems hold.
We only need to prove that Ker
Apply to the both parts of this equality the projection to the fan Φ ρ dual to a facet Γ of the polytope ∆. We have α ρ L d−2k ρ = 0. But this is the primitivity condition! Thus, α ρ is primitive with respect to the fan Ψ ρ . By the induction hypothesis, we have
By lemma 6.2, from inequalities (1) we obtain the inequality (
But we have assumed earlier that this inequality is in fact equality. Hence by lemma 6.2 all inequalities (1) are equalities.
Thus, for every ray ρ ∈ Φ the element α ρ lies in the kernel of the HodgeRiemann form of the fan Ψ ρ . So by the induction hypothesis, α ρ ∈Ī k (ρ) (here the spaceĪ k (ρ) is defined for the pair of fans Φ ρ and Ψ ρ just in the same way as the spaceĪ k is defined for the pair of fans Φ and Ψ). Note that k = (d − 1)/2 is a special case (our inductive assumption is not applicable) but in this case the equality in (1) implies immediately that α ρ = 0. To conclude the proof of the equalityĪ k = Ker Q k , we only have to prove the following:
By definition of the projection to the fan Φ ρ this statement can be reformulated as follows. If αχ ρ ∈Ī k+1 for each ray ρ ∈ Φ then α ∈Ī k . We got rid of the projection to the fan Ψ ρ in this formulation. Finally, in terms of the fan Υ our claim sounds as follows: Let v be a vertex of Σ. The separatrix of the vertex v is the face F of Σ spanned by all the edges that go out of v in the direction of descreasing of l. There is an explicit description of the basis in the cohomology spaceĀ k of Σ in terms of differential operators (see [3] ). Let F be a face of the polytope Σ. Denote by Γ 1 , . . . , Γ k all the facets containing F so F = Γ 1 ∩ · · · ∩ Γ k . Let us define the differential operator ∂ F = ∂ 1 · · · ∂ k associated to the face F . Now we need a relative variant of this theorem. We will use the language of fans and characteristic functions.
Co-Morse functions on the fan Υ Consider a subdivision Ψ ′ of the fan Φ that is obtained by adding a ray into each d-dimensional cone. Faces of the fan Ψ ′ are all the faces of the fan Φ and cones spanned on a face σ ∈ Φ and a ray that lies in a d-dimensional face of Φ adjacent to σ. It is easy to see that the fan Ψ ′ is dual to a simple convex polytope Σ. Fix any Morse function l on the polytope Σ. For a cone σ ∈ Ψ ′ denote by F σ the corresponding face of the polytope Σ. Let f (σ) = max(l| Fσ ). We call the function f a co-Morse function. In the sequel we will work with the restriction of the function f to the fan Υ.
Proof. The first statement follows directly from the definition of the co-Morse function f . Let us prove the second statement. Note that each d-dimensional cone of the fan Ψ ′ has only one facet in the fan Υ. The ddimensional cones of the fan Ψ ′ correspond to vertices of the polytope Σ. Now it suffices to note that on each face of the polytope Σ the function l reaches its maximum in only one vertex.
For a cone σ ∈ Υ let Max(σ) denote the cone η of dimension d − 1 such that σ ⊆ η and f (η) = f (σ). It follows from lemma 7.2 that Max(σ) is well-defined.
Separatrices We call a cone σ ∈ Υ separatrix provided for any τ ⊂ σ there is the strict inequality f (τ ) > f (σ). Lemma 7.3 Each cone σ ∈ Υ contains a unique separatrix τ such that f (σ) = f (τ ).
Proof. Existence. Consider a minimal (with respect to inclusion) cone τ ⊆ σ such that f (τ ) = f (σ). Obviously, τ is a separatrix.
Uniqueness. Suppose there are two such separatrices τ 1 and τ 2 . Then the cone τ 1 ∩ τ 2 must be a separatrix too. But this contradicts the minimality. We will point out an explicit basis in the vector spaceĀ Proof. We will show that if a cone σ ∈ Υ of dimension k is not a separatrix, then the characteristic function χ σ can be expressed linearly via the characteristic functions of cones with smaller values of f .
According to lemma 7.3, the cone σ determines a unique separatrix τ ⊂ σ. Let ρ denote an arbitrary edge of the cone σ that is not contained in the face τ . The characteristic function of the cone σ has the form χ σ = χ τ χ ρ χ where χ is the product of the characteristic functions of all the edges of σ that do not lie in τ and do not coincide with ρ (if there are no such edges, i.e., k = d − 1, then χ = 1).
According to lemma 7.2, there exists a unique cone η of dimension d − 1 such that τ ⊂ σ ⊆ η and f (τ ) = f (σ) = f (η). Consider a linear function l ρ that coincides with χ ρ in the cone η. The following equality takes place
For each cone σ ′ where the right term is nonzero we have f (σ ′ ) < f (σ). Indeed, the right term can be nonzero only on the star of the cone τ and it is zero on the cone η. But all the cones σ ′ ∈ Star(τ ) that are not faces of the cone η, satisfy f (σ ′ ) < f (τ ) = f (σ) (this follows from lemma 7.2). Thus the lemma is proved. Proof. Assume the contrary: there is a linear relation with nonzero coefficients
where the sum is over a certain collection of k-separatrices σ.
Assume at first that k = d − 1. A cone σ of dimension d − 1 is a separatrix if and only if f (σ) is minimal among all the cones intersecting σ and so among all the cones. Therefore there is only one term in relation (2) . But a characteristic function does not belong to A + Υ . Contradiction. Now assume that k < d − 1. Consider a separatrix σ included in (2) such that f (σ) is maximal. Denote by η the cone of dimension d − 1 such that σ ⊂ η and f (σ) = f (η). No other separatrices from (2) are faces of the cone η (by corollary 7.4). Let τ be a cone generated by all the edges of the cone η that are not in σ. Let us multiply relation (2) by the characteristic function of the cone τ . We obtain λ σ χ σ χ τ = λ σ χ η = 0. Contradiction (the function χ η is not in A + Υ ).
Thus we completed the proof of proposition 7.5.
Proof of theorem 5.1 Assume that α ∈Ā k Υ , k < d−1, and αχ ρ = 0 for every ray ρ ∈ Φ. We will prove that α = 0. Let us express α as a linear combination of separatrices with nonzero coefficients:
The following is almost verbatim of the proof of lemma 7.7. Consider a separatrix σ with the maximal value f (σ) and a cone η of dimension d − 1 such that σ ⊆ η and f (σ) = f (η). Let τ denote the cone generated by all the edges of the cone η that are not in σ. Let us multiply relation (3) by χ τ . By the assumption of the corollary, αχ τ = 0 inĀ
Υ . But we obviously have αχ τ = λ σ χ η . Contradiction.
To complete the induction step, it remains to prove theorem 5.2.
Proof of theorem 5.2 We have only to show that the Hodge-Riemann form Q k is nonnegative on the primitive subspaceP k ⊆Ā k Ψ for k d/2. We will obtain this statement as the result of a passage to the limit.
There exists a continuous one-parametric family of simple analogous polytopes Σ t , t ∈ (0, ∞) such that Σ t → ∆ as t → 0 in the Hausdorff metric. It is easy to see that the corresponding family of functions L t = L Σt on the fan Ψ tends to the function L. For each t > 0 there is the proper Hodge-Riemann form of the polytope Σ t :
By definition, the proper primitive subspaceP . We know that the form Q k t is positive on the primitive subspaceP k t . From this and from the Lefschetz decomposition for simple polytopes it follows that the form Q k is nonnegative on the primitive subspaceP k . Indeed, let α ∈P k (k d/2). We want to prove that Q k (α) 0. Let α = α t + L t β t be the Lefschetz decomposition of the element α with respect to the Lefschetz operator L t (see proposition 2.3). Since this decomposition is orthogonal with respect to the form Q k t , we have
On the other hand, by applying the Lefschetz operator L d−2k+1 t to the Lefschetz L t -decomposition, we obtain L (β t ) → 0 as t → 0. Now it is enough to pass to the limit as t → 0 in equality (4), taking into account that Q k t (α t ) > 0 and Q k−1 t (β t ) → 0. We obtain Q k (α) 0, Q.E.D.
